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1 Introduction

The following notes were taken based off Columbia University Professor Shree
Nayar’s CV videos on optical flow.

2 Motion Field and Optical Flow

e Motion field is the vector field of how things are actually moving.

e Optical flow is a change in brightness values that correlate with how the
camera perceives things moving.

e Motion field and optical flow aren’t necessarily equal.

Optical Flow Constraint Equation

e Given an image taken at time t and time &t, we can track a point that
travels from (z,y) to (z+0x, y+dy) with the displacement vector (dx+dy).
This gives us the optical flow vector

(u,0) = (2%
W=\ et )


https://www.youtube.com/watch?v=lnXFcmLB7sM&list=PL2zRqk16wsdoYzrWStffqBAoUY8XdvatV
https://www.youtube.com/watch?v=lnXFcmLB7sM&list=PL2zRqk16wsdoYzrWStffqBAoUY8XdvatV

e To find the optical flow of this point, we need to make some assumptions:
1. The brightness of an image point remains constant over time.
I(z,y,t) = I(x + dx,y + dy,t + ot), (1)
where I(x,y,t) is the intensity of a pixel.

— At least for consecutive images captured in quick succession.
Otherwise, this is impossible to solve.

2. The displacement vector (dz, dy) and the time step 0t are very small.
Then,
I(z + dz,y + 0y, t + 0t) = I(x,y,t) + 1,0z + 1,0y + 1,6t (2)

— This allows us to come up with a linear approximation for the
intensity I(x + dz,y + 0y, t + 6t) based off a Taylor series:
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* If 0z is small, then we approximate f(x+dz) = f(z)+ %55{:.
* For a function of three variables, we have f(z+dx,y+dy,t+
5t) = f(x,y,t) + §Lox + SLoy + Ghot.

e Subtracting (2) from (1) yields

f(z+0z) ~ f(x)

10z + 1,0y + 1.0t = 0.

e Divide by dt and take the limit as §t — O:
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e Optical flow constraint equation:
Lou+ I+ 1 =0,

where (u,v) represent optical flow.

Lk Lt) =

%[1(k+1,l,t)+1(k+1,l,t+1)+1(k+1,l+1,t)+1(k+1,l+1,t+l)]
1
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—z[I(k, L) + Ik, Lt + 1)+ I(k, L+ 1,t) +1(k, 1+ 1,t+1)]




4

Constraint line
Lu+lLv+I,=0

e Where u,, is the normal flow and u,, is the parallel flow. We know u,, =

%(Ix7 I,), but we cannot determine .

— This results in the aperature problem, where, locally, we can only
determine the normal flow.

Lucas-Kanade Method

Assumption: For each pixel, assume the motion field, and therefore
optical flow (u,v), is constant within a small neighborhood W.

From the optical flow constraint equation, we have for all points (k,1) € W,

Lk, Du+ I,(k, 1o + I(k, 1) = 0.

If the size of window W is n x n, then

Iw(lvl) I’y(lvl) It(lvl)
I (k1) Iy(k,l) {u] B 1,(2,2)
L(n.n) I,(nn) L(n,n)

which is equivalent to Au = B, where A is a known matrix of size n? x 2,

u is an unknown vector of size 2 x 1, and B is a known vector of size
2

n° x 1.

e The least squares solution gives

u=(ATA)1ATB.



— AT A must be invertible, or det(AT A) # 0.

— Another way to think about it: A” A must be well-conditioned. In
other words, a change in the output allows you to estimate a change
in the input.

* Mathematically, if A\; and )y are eigenvalues of AT A, then \; >
€, Ay > €, A1 > Az but not Ay > Ao,

Smooth regions (gradients are small) and edges are bad for computing
optical flow.

Textured regions are good.

Coarse-to-Fine Flow Estimation

The optical flow constraint equation assumes dx and dy are small. What
if they aren’t and you have large motion? (E.g. camera moving)

— The Taylor series approximation is invalid and thus the constraint
equation is.

We will use a resolution pyramid. We have two images, one at time t, one
at time ¢ + 6t. Both have resolution N x V.

Note that if we lower the resolution of the images to % X %, the distance
a pixel travels will be half the distance it did in the N x N picture.

If we lower the resolution enough, eventually the motion will be less than
a pixel and our optical flow constraint equation applies.

Coarse-to-Fine Estimation Algorithm:
— Start with our lowest resolution images and apply optical flow equa-
tion to find (u,v)(©.

— Now, look at the next two images at the next higher resolution. Use
(u,v)© to warp the image at time ¢. Use the warped image and the
image at time ¢ + 0t to compute the residual optical flow A(u,v)™M).
Then, (u,v)® = (u,v)® + A(u,v)®.

— Repeat the steps above until you find the final optical flow (u,v)™.
Another approach uses template matching: Define a small template win-
dow T in image I; at time ¢. Using search window S larger than 7 in
image I at time t + 0t, find the match to T using template matching.
The difference between the match and the T is the optical flow.

— Slower than Coarse-to-Fine Estimation when S is big

— Mismatches are possible
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